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OBJECTIVES:

= To develop mathematical model for the mechanical, electrical and hydraulic systems.
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Modeling of Control Systems

The process of obtaining the desired mathematical description of the system is called

Mathematical Modeling.
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Modeling of Mechanical Systems:

| 1
— ——9
net external
Net force on object = mass of object x acceleration .

Mechanical systems can be of two types:

MakeAGIF.com

1) Translation Systems
2) Rotational Systems.
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Translational system :

1. Mass: 2. Spring : 3. Damper :
—X(t) —>X(t)
R o
K a borc
2.F = mass x acceleration F = mass x acceleration F = mass x acceleration
d?x

F=MX o F—kx=0 F—bif=0

F=M X x F = kx F = bx
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Rotational system :

1. Rotating Mass :

]

\
4
6

¥
T

>

2. Rotating Shaft (Spring):

> T = Polar mass x Angular acceleration

T =] X

T=] X0

d?6

dy?

—X(1)
v
Lt '1"
T=kt><9
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Note : Laplace transformation =
dE

(DF(t)=F(s) (4) 5T @x=8X(s)
(2)x(t)=X(s) (5)[};{:11;:%:((5)
( )[:].::@K SX( ) (6)e_at :Siﬂ
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Example 1:
Y F = mass x acceleration
dx d?x
F—kx— ba =M X a2

F—kx —bx = Mx
F=Mx+ bx + kx

_+X{t)

E(1)

Free body diagram

Taking Laplace transformation Kx bx
F(s) = MS?X(s) + bSX(s) + k X(s) TMT
(1)
F(s) = X(s)*MS? + bS + k) +F
X () 1
. Output
Transfer Function = Fs) ~ *MS? + bS + k) Transfer Function = W};t

Department of Mechanical Engineering
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=]

b =% K, |—>K1

M M, —F

1
Al

\ Frictionless /

FE I
S

Note :

1. While analysing mass M4, assume x; > x and we have to take relative velocity and relative
displacement.

2. While analysing mass M, assume x, > x1 and we have to consider relative velocity and relative
displacement.
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Analysing mass Mq (x1 > x b, X, x
ysing 1 (X1 > x2) b -k =
YF = mass x acceleration " M, — M, —F
/ mll
b
F— kl(xl - xZ) - bl(xl - XZ) = M1X1 = \ Frictim;less /
F — kyxq + kqyxy — bixy + bixy = Myxy Free body diagram :
Kl(fx;1 —Kz) =%
F+kixy, + bixy, = Mix1 + b1x1 + k1x1 ---(A) Ml —» |
bl{:}.il o Kz)

Taking Laplace Transform,
F(s) + k1X2(s) + b1sXy(s) = M1$2X1(S) + b1sX1(S) +k1 X1(s)

—-(Eq 1)

F(s) + X2(s),b1s + kq1- = Xl(S),MlSZ + b1s+kq-

10
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Analysing mass M, (x2 > x1) i = m =~
> F = mass x acceleration I.\QM M Eb My E
’ \ Frictionless /
~haxz = kaxz = la(xz = x1) = bi(xz = x1) = Max, Free body diagram :
bix1 + k1x1 = Myxy + boxo + b1xy + koxo + k1xo ---(B) bzfiz - ]n.,l{[_)- -i:—K (X —X )
Kx <1 “—b,(x,-x%,)

Taking Laplace Transform,

b1sX1(s) +k1 X1(s) = MzSZXZ(S) + bsX2(s) + b1sX2(s) + k2X2(s) +k1 X2(s)

Xl(S),b1S + k- =X (S ),MzSz + bys + bis + ky + kq- ---(Eq 2)

Department of Mechanical Engineering 11
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F(s) + X2(s)[b1s + k1]
,M152 4+ bis+k-

M52 + bss + bys + ky + k1-

—(Eq 1) X1(s) = Xa(s) - —-(Eq 2)

X —
1(5) ,b1s + k-

F(s) + Xa2(s)[b1s + k1] — X,(5) ,1\/1252 + bys + bis +ky +k1-
JM1s?2 + bys+kq- - 42 ,b1s + k1-

,1\/1252 + bys + bis +ky +kq- X ,M1$2 + b1s+kq-
,b1s + k1-

F(s) = Xa(s) — X2(s)[b1s + k1]
Xz(S) "‘,]\/1152 + b15+k1-,M2$2 + bys + bis +ky +kq- — bls + k1 f-l—

F =
(S) ,b1s + k1-

Output _ XZ (S) _ ,b1$ + kl'
Input F(S) *,M182 + b1$+k1-,MzSZ ol sz + blS +k2 +k1- — [b1$ + k1 ]2+

Transfer Function =

Department of Mechanical Engineering 12
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X1(s)[M1s% + bis +k1] — F(s) ,b1s + ki1-X1(s)
— X,(s) ——(Eq 1 Xo(s) = —(Eq 2)
b1s + ki 2(s) —(Eq 1) 28 = T bys ¥ his t k, T K-
Xl(S)[M152+blS +k1]—F(S) _ ,b15+k1-X1(S)
,b1s + ki- ~ ,M,s2 + b,s+ bys + ky + ky-

,b1s + k1-2X1(s)
JMos2 4+ bys + bis + ky + kq-

X16)[M1s? + bis +k1] — F(s) =

bis + k1-2X1(s)

F(s) = X1 )[M15% + b1s +k1] — M,s2 4+ bys + bis + ko + k1-

{X1(s) [M1$2 + b1s +k11M2$2 + bys + bis + ky + k1- }— ,b1s + k1-2X1 )
,]\4252 + sz + blS + kz + kl-

F(s) =

Department of Mechanical Engineering 13
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{Xl(s)[Mlsz + b1s +k1]M252 + bys + bis + ky + k1- }—,b1s + k1-2X1 )

F =
(S) ,M2$2 + sz + blS + kz + k1'

X1(S){[M1SZ + b1s +k1][M252 + bys + bis+ ky + k1] —,b1s + k1-2}

F —
(S) ,M>s2 + bys + bis + ky + kq-
2
) Xl(S) [MzS + bys + bis + ky +k1]
Transfer Function = =
F(S) {[M152 + bys +k1][MzS2 + bys + bis + ky + kl]— ,b1s + kq-2 }
Output _ XZ (S) _ ,b1$ + kl'

Transfer Function =

Input F(S) *,M182 + b1$+k1-,M252 ol sz + blS +k2 +k1- — [b1$ + k1 ]2+
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Modelling
of
Electrical System

CIRCUIT DIAGRAM PICTORIAL CIRCUIT DIAGRAM

SWITCH

SWITCH

+9v0—0/l'—

. "
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Example 1: Obtain differential equation for R-L-C circuit

According Kirchhoff's voltage law MM——’UU;U\—°—||—
R C
V=Ve+V.+V
di 1
=1 ' ()
V lR+LE+Ef i dt ___Eq (1) \f‘\/y

Applying Laplace Transform
Note : Current 'i' is given as rate of

V(s) = RI(s) + LsI(s) + %I(s) change of charge (q) Wi:lh respect to time
,Ls2C + RCs + 1- i:_q
V(s) = = (s) dg  d’q 1 dt
Transfer I(s) Cs dt — dt?
Function = =
V(s) ,Ls?*C + RCs+ 1- Jidt=gq

Department of Mechanical Engineering 16
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Armature controlled DC motor :
Let

Stator,
Jived field

Va=Armature voltage R

armature

L

armature

la=Armature current
Ra= Armature resistance

_ . Armature|
!_a—Armature inductance Vall) P circuit ) e
Ir= Field current

J = Inertia mass
b = Damping co-efficient

|- -+

ELECTRIC componentof PMDC ntotorsysteit I MECHANICAL comiponent of PMDC motor systen

Armature Drive Shaft Stator

Area of flux is proportional to field current
@ x if
O = krXif -Eq (1)
k= Field constant

Brushes 4 Commutator

Department of Mechanical Engineering 17
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Armature controlled DC motor :

Also, the torque developed by the motor is proportional
to product of armature current and area of flux.

Tai, @
T =k iakf X if
T =kt iq -Eq (2)
ki = kiksky
If, back e.m.f. is proportional to speed of the motor then,

db

Stator,
Jixed field

armature L amiature

B

) Aqnatgre
famature - CTCUIL

ELECTRIC componentof PMDC motorsysteim I MECHANICAL component of PMDC molor system

Department of Mechanical Engineering 18
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Armature controlled DC motor : / Sictr,
. Sived field
Speed of the motor is controlled by armature voltage, Romae  Lamaee ;
by applying Kirchhoff 's voltage law to armature circuit —f\/\/\,—m\—l 1, 9,
1 Rotor b
Ve=VatVites Vat) Amature} . ( In —{— ﬂ
dig do C lamawe Circuit | @5 4 L } J
Va=1qRq + L, dt +kbE --Eq (4) _ _ E

ELECTRIC componeatof PAIDC motorsystemr | MECHANICAL component of PIDC molor system

The armature current produces torque which is applied to mechanical load

By Newton second law of motion ) ‘J ‘jbé
XT=J6 T/}
T—bo=]0

T=]6+bO -Eq(5)

Department of Mechanical Engineering 19
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Armature controlled DC motor :
Equating Eq (2) and Eq (5)

,JO + bo-
kiig=]0+b0 B ia=]—

ke
Substituting value of "i;" in Eq (4)

. JO+Dbo- ,JO + bo- ae

a= Rq k—t+LaE Tk +kp 77
L,

V, = T 2.]0 + bé- +—]9+b9 + k0

t
Applying Laplace Transform
R L

V,(s) = — ,Js>6(s) + bsO(s)- — ,Js30(s) + bs?0(s)- + kysO(S)

0(s) _ ki

fransfer Function =" Y5) "L ]S> F D5 + R JS* FDs-T K K3
a a a b t

Department of Mechanical Engineering 20



] College of Engineering Department of Mechanical Engineering

Analogy between Mechanical and Electrical network

1. Force voltage analogy [FV Analogy] :
. Mechanical Network Electrical Network

K b —AMW——T——] |
R L C
® [p] %K Lo
Tt S
F v
By Newton's second law of motion By Kirchhoff voltage law
q
F=Mx+bx+kx —EI() V=Lg+Rqts —Eq()

Department of Mechanical Engineering 21
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F=Mx+bx+kx -Eq(1) V=Lg+Rq+ E —Eq (2)
Mechanical system Electrical system
Force (F) Voltage (V)
Mass (M) Inductance (L)
Damper (b) Resistance (R)
Spring stiffness (k) Reciprocal of capacitance (1/C)
Displacement (x) Flow of charge (q)

Department of Mechanical Engineering 22
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2. Force current analogy [F - | Analogy] Mechanical Network

By Kirchhoff Current law LL1b
i=1i, +i, +ip ® bl =«
i =C dv + 1[ dt +~
et Y R
do dv  d?@
V= — - = ____ vdt =0
dt = dt  dt? = J
d2¢  1do 1 - — =R
=t 10 1, ® T =2
dt? Rdt L
' C®+1®+1®
1 = — — _—
22t —Eq@)

Department of Mechanical Engineering 23
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_ 1 1
F =Mx + bx + kx -Eq(1) lZCQH_EQH_Z@ ---Eq (3)
Mechanical system Electrical system

Force (F) Current (i)

Mass (M) Capacitance (C)

Damper (b) Reciprocal of resistance (1/R)

Spring stiffness (k) Reciprocal of inductance(1/L)
Displacement (x) Flux quantity(Q)

Department of Mechanical Engineering 24
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Analogy :

Mechanical X =Displacement F = Force Spring (K) Mass (M) Damper (C)
Electrical | = Current V =Voltage Capacitance (C) Inductance (L)  Resistance (R)
_ AT = Change In : Conduction &
Thermal Q,, = Heat Flow Rate Temperature Object (C) Inductance (L) Convection (R)
Fluid Q,, = Mass Flow Rate, P =Pressure, Tank (C) Mass (M) Valve (R)

d, = Volume Flow Rate  H = Height

Flow variable: Moves through the system
Effort variable: Puts the system into action
Compliance: Stores energy as potential
Inductance: Stores energy as kinetic
Resistance: Dissipates or uses energy

Department of Mechanical Engineering 25
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Example 1: Draw mechanical network for system shown in figure. Write force voltage (FV)
and force current (FI) analogy. >, >

Considering mass M;(X; > X,) :

™%

Kx Ml - bl{:Xl — KZ) Friction less

F —»

Equivalent mechanical network

YF = Mx
—:[b
F—kix1—b (x1 —x2) = M1x1 —
F = Myxy + b (x1 — x2) + kix1 —Eq (1) ® M| Zx, (M| 2k

Department of Mechanical Engineering 26
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Considering mass M;(X; > X,) : _ _
Equivalent mechanical network

b
YF = Mx 2l
—b (x2 — x1) — kax2 = Max; ® M, kM, K,
1 2
0 =Myx, + b (x2 —x1) + kaxo, -—-Eq(2)

Department of Mechanical Engineering 27
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FV Analogy :
Loop (1) : (i > 1y)
By Kirchhoff's voltage law ® M| Zx, My 2k,
U=UL1+U(j1+UR
dl1
V= Ll dt + f ll dt + R(ll — lz) ---Eq (3) LH ﬁl L? Clg_

Loop (2) : (i, > iy) (o) )

By Kirchhoff's voltage law

U=UR+UL2+UCZ

. diy
0= R(lz - ll) +L2 dt + f lz dt ---Eq (4)

Department of Mechanical Engineering
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F1 Analogy :

Loop (1) : (V1 >V,)

By Kirchhoff's voltage law ® M| Zx, My 2k,
i=iCl+iL1+iR
dv1
i=Cr——+ 7 f vy.dt + — (v1 — v3)—Eq (5) 0 R

Loop (2) : (V,>V,)

By Kirchhoff's voltage law

Ll=Iip+icy+ 12

1 dv,
0=E(Uz—v1)+C2 dt + f”z dt---Eq (6)

Department of Mechanical Engineering 29
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Analogy :
9y F=Mix1+b (X1 — XZ) + ki1x1 --—-E(Q (1)

0 =Mxy +b (x2 —x1) + koxy -—EQq(2)

Mechanical network

dll
v=1L, + f i1.dt + R(iy — i) --—-Eq(3)

Vde
L di; 1
0= R(lz — ll) +L2 dt + f lz dt ___Eq (4)

\oltage network

dv1
=0y — v + f vy.dt + —= (v1 — 12)---Eq (5)
Current network
1 dvz
0= E(Uz — Ul) +Cy)—— dt + f V5. t“'Eq (6)
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Block Diagram Algebra

Representation of mathematical models by applying appropriate laws, and then it is place
inside a block, and these blocks are connected by arrows to show the direction or flow of
signals, the diagram thus obtained is called as "Block diagram™.

Department of Mechanical Engineering 31
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“General representation of feedback control system : Control
Reference Error E(s) S\!\g:]nal
R(s) ‘ ‘
> o G(S) >
Output C(s)
C(s) =G(s)E(s) 5
S
C(s) = G(s),R(s) + B(s)-
C(s) =G(s),R(s) £ C(s)H(s)- HG)

C(s) = G(s)R(s) £ C(s)H(s)G(s)
G(s)R(s) =C(s) £ C(s)G(s)H(s)

C(s) B G(s)
R(s) ,1+G6EHG)

Department of Mechanical Engineering 32



TJA T M E

ae] College of Engineering Department of Mechanical Engineering

Rules of block diagram reduction technique :

1. Block in series :

R—— G — G

J
R GxG,—>C
2. Blocks in parallel : R——> G C
1
GE
Jlredllcecl
R—G+G,—>C

Department of Mechanical Engineering 33
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Rules of block diagram reduction technique :

3. Merging of two summing point :

RH% b% C R B
y z

Department of Mechanical Engineering 34
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Rules of block diagram reduction technique :

4. Shifting of summing point :

C = (RG1 + AG3)Gy R——— G » G, —>C

C = RG1G, + AG,G3----Eq (1)
4. a. Shifting of summing point against signal :

X je—A
Cl = RG1Go+ AXG1G ----Eq (2)
R > G, > G, —— (!

R6162+ AXG1G2 = RG1G2 + AGng

Department of Mechanical Engineering 35
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Rules of block diagram reduction technique :

4. b. Shifting of summing point along the signal :

R—m—»

G

1

cll = RG1Gy+ AX ----Eq (3)
RG1Go+ AX = RG1Gy + AG,G3

X = Gng

% If the summering point is shaft against the signal then the value of block is divided by the shifted block

s If the summary point is shifted along the signal then the value of block is multiplied by the shifted block.

Department of Mechanical Engineering
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Rules of block diagram reduction technique :

5. Moving of take off point : R— | G G +——>cC

B = RG1G3 -—Eq (4) . -

5. a. Moving take off point against the signal :

R G H—> g t——C

Bl = RX -—Eq(5)
RX = RG1G eI x

X = G1G3

If take off point is moved against the signal then the value of block is taken as a product of the block
above which is shifted.

Department of Mechanical Engineering 37
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Rules of block diagram reduction technique :

5. b. Moving takeoff point along the signal.

B!l = RXG1G, ----Eq (6) : 2
RGng = RXGlGZ

B”*‘l— x

_ G3

G
If take off point is moved along the signal then the value of block is taken as a product of reciprocal of
the block above which is shifted.

X

Department of Mechanical Engineering 38
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' Steps for block diagram reduction :
1. Combine block in series and block in parallel.
2. Eliminate minor loop using the formula

C(s) 1
R(s) ,1+ G(s)H(s)-

3. As far as possible try to shift take off point along the signal and summing point against

the signal.

4. The above steps are carried out until we obtain control ratio.
5. Do not bring take off point and summing point side by side.

6. Also do not move take off point around summing point and vice versa.

Department of Mechanical Engineering 39



L]

College of Engineering Department of Mechanical Engineering

' Example 1: Reduce the block diagram using block diagram reduction technigue and obtain
control ratio.

Solution.
Step 1: Combine blocks in series (ie, G1 & G2) * « G
4
R — _ Gl Gzl G3
Hl
H2

Department of Mechanical Engineering 40
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' Step 2 Combine the blocks in parallel
R G, G G,+G, X C

Step 3 Eliminate the minor loop

GG

172 1
R > > G, +G, X1 C
- 1+G,GH,

H,

Department of Mechanical Engineering 41
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Step 4 Combine blocks in series

G,G,(G,+G
R )® N 2( 3 AJ e
- 1+G,GH,
HE
Step 5 Eliminating loop
G,G,(G; +G,)
R ., GG:(G;+Gs) (H, R 1+G,G,H, +G,G,G;H, + G,G,G,H,
1+ G,G,H, :

Department of Mechanical Engineering
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G,G,G, + G,G,G, C
1+G,G,H, + G,G,G,H, + G,G,G,H,

Department of Mechanical Engineering 43
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Example 2 : Reduce the block diagram using block diagram reduction technique and obtain
control ratio(C/R).

G3
. In this problem take off
R > G G > point in between the
— 1 2 blocks hence we need to

move take off point.

Department of Mechanical Engineering 44



TJA T M E

ae] College of Engineering Department of Mechanical Engineering

Step 1: Shifting of takeoff point (T,) against the signal around block

G3
R —>| G, G, y >C
H G, [«—
Step 2: Combine blocks in parallel
R > G, GG,—>C

H G, [«

1 -2

Department of Mechanical Engineering 45
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Step 3: Eliminating loop

Gl
R—> G,+G,—>C
1 +H,G,G,
Step 4: Combine block in series
f— G,G,+ G,G, e
1+G,GH,

Department of Mechanical Engineering 46
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Signal Flow Graph

Alternative method to block diagram representation, developed by Samuel Jefferson
Mason.

Advantage: the availability of a flow graph gain formula, also called Mason’s gain
formula.

A signal-flow graph consists of a network in which nodes are connected by directed
branches.

It depicts the flow of signals from one point of a system to another and gives the
relationships among the signals.

Department of Mechanical Engineering 47
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Important terminology

§)o
1 2 W 5
_H2
_H1

1. Branches 6. Forward path
2. Input node or source node 7. Forward path gain
3. Output or sink node 8. Loop
4. Mixed node 9. Loop gain
5. Self loop 10. Non - touching loops

Department of Mechanical Engineering 48
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Mason’s Gain Formula

The formula was derived by S. J. Mason when he related the signal-flow graph to the

simultaneous equations that can be written from the graph.

cis) 1"

R(s) A2 Prbk
k=1

C(S) P1A1+P2A2+ _+PnAn
R(s) A

Where
k = number of forward paths.
P, = the k th forward-path gain.
A = Determinant of the system

A = Determinant of the k th forward path

Department of Mechanical Engineering 49
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n

C(s) _1
R(s) g2 Pl

k=1

A is called the signal flow graph determinant or characteristic function. Since A=0 is the system
characteristic equation.

A = 1- (sum of all individual loop gains) + (sum of the products of the gains of all possible two loops that do
not touch each other) — (sum of the products of the gains of all possible three loops that do not touch each
other) + ... and so forth with sums of higher number of non-touching loop gains

A= value of A for the part of the block diagram that does not touch the k-th forward path (A, = 1 if there
are no non-touching loops to the k-th path.)

Department of Mechanical Engineering 50
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' Example 1 : Determine the control ratio of a system represented by signal flow graph as shown

in figure using Mason's gain formula. G,
G G G G G
RO ;lulzq\:/Mfu;S"mC
_I—I2
First number the nodes —H,
Gﬁ
R o—= >, Erl . 2 9 93 - 1‘#4 95 ) o O
1 2 3 N 5 6 7
_]:—]:2
-H

Department of Mechanical Engineering 51
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Gﬁ
RckﬂglvrzﬂES"i‘vSSﬂrac
12 3 NS 6 7
_:[—]:2
_H1
Step 1 :- Find forward path and forward path gain
Forward path :- Forward path gain:-
1 o O O £ O O £ O
W ST 56 7 % P1=G1G2G3G4Gs5
@) oo oo P,= G4GsGs
1 2 3 6 7 8

Department of Mechanical Engineering
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Step 2 :- Find loops and loop gain —H,
Loops Loops gain
G3
1) 1S L1 =-GsH,
-H,
2 G, 3G, 4G, 5G, 6 G, 7
_H:l
53
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Loops gain

L =-G,GsGgH
3) 3 15056

Step 3 :- Find Non touching loops (NTL)
L;Ls = G1G3G5GgH 1 H,
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: C  pA+Dp,A
Masongamfoﬂnu]a,izll 1 T Py8y
A

Step 4 :- Find Determinant (D) :

A=1-[L, +1, +1,]+[L, L]-| 7]

=1- [_Gst o G1GEG3G4G5H1 o GlGjGﬁHl] + [GleGﬁGﬁHle ]

A =1+G,H, + G,G,G,G,GH, + G,G,GH, + G,G,GGH,H,

5 =1-[ 4[]

A, =1
Ay =1-[L,]+[ ]
A, =1+G;H,

Department of Mechanical Engineering

Pathgain - "
P, = G1G,G3G,Gs
Py =G;GsGg

Loop gain
L, =-G3H,

L, =-G,G,G3G,GsH,
L; =-G;GsGgH;y

NTL:
LiL; = G1G3GsGgH H,
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- C pA +p,A
Masnngamfﬂnnula,—zll 1 TPy

A H
Pathgain - * -
P, = GleGgG4G5
c G,G,G,G,G; +G,GG, (1+G,H,) '
R 1+G,H, +G,G,G,G,G; + G,G,GH, + G,G,G,GH,H, P2=G1GsGg
Loop gain
L, =-G3H;
C

} G,G,G,G,G; + G,G,G, + G,G,G,GH,
R 1+G,H, +G,G,G,G,G, +G,G,GH, + G,G,G,G,HH,

L, =-G,G,G3G,GsH,
L; =-G;GsGgH;y

NTL:

LiL; = G1G3GsGgH H,
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